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Abstract

We revisit the confinement problem in maximal Abelian gauge SU(2) gluodynamics as a dual
superconductor through the study of the dual Abrikosov vortex. There are three effects that have
not been included in previous studies. We employ a definition of flux that satisfies the exact Ward-
Takahashi identity giving exact electric Maxwell equations for lattice averages. Second we modify
the standard definition of magnetic current to give consistent magnetic Maxwell equations. Finally
we point out that the dual Ginzburg-Landau-Higgs model is an oversimplification of the physics
of the system because of the presence of significant electric currents. As a result we need a third
parameter to describe the vortex in addition to the standard ones, i.e., the London penetration
depth and the coherence length. Without a complete model at our disposal, we estimate the values
of these three parameters for 3 = 2.5115 on a 324 lattice. As a digression, we also show that the

truncation of monopoles to the percolating cluster has only a minor effect on the vortex profile.
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I. INTRODUCTION

In the search for simplicity in the physics of color confinement, lattice gauge theory
models have been studied extensively for a clue to a mechanism or an underlying princi-
ple governing the phenomenon. Spontaneous gauge symmetry breaking of the dual U(1),
and the resulting condensation of U(1) monopole currents, defined after appropriate gauge
fixing, remains a candidate. The persistent monopole currents of dual superconductivity
in pure U(1) lattice models leads to confinement of charge. There has been some success
in the postulate of Abelian dominance in correlating monopoles and confinement physics
but no breakthrough in uncovering a definitive mechanism. There are a number of reviews
of the subject[1-9]. Some of the principal directions include accounting for string tension
in Abelian Wilson loops[10, 11], similarly for monopole dominance of Wilson loops[12, 13],
correlating percolating monopole clusters and confinement[14—-17], spontaneous gauge sym-
metry breaking (SGSB) of dual U(1) symmetry of the vacuum[18-20], and the subject of
this paper the dual U(1) Abrikosov vortex in the confining string[21-31].

Truncation to “relevant variables” invariably leads to systematic errors. Ambiguities due
to gauge fixing[32-36] and Gribov copies[37] contribute to these perennial problems. Further
it is difficult to see how this mechanism alone can explain all aspects of color confinement
in arbitrary systems. Nevertheless one can argue that the well established phenomena can
be part of a larger picture.

In this paper we are interested in testing spontaneous gauge symmetry breaking (SGSB)
of dual U(1) by examining the vortex in the confining string. We consider SU(2) and,
once fixed to the maximal Abelian gauge, we look at model independent results. High
statistics data is readily available and there are a number of reasons to revisit the problem.
It is possible to remove systematic errors due to lattice definitions in the divergence of the
electric field which determines the total electric flux in the vortex. And then this can be used
in a consistent definition of the magnetic current whose curl determines the profile of the
solenoidal currents forming the vortex. This formulation of flux and currents differs from the
more standard ones to order a? and higher order and presumably gives the same continuum
limit. Finally we address a shortcoming of using the Ginzburg-Landau-Higgs (GLH) model
to interpret the simulation data. All three effects are central to the determination of the

type of dual superconductor; type I or II.



i) Exact electric Maxwell equations. There is a definition of flux that respects the
electric Maxwell equations exactly. In 1998, DiCecio, Hart and Haymaker (DHH)[38], using
the freedom of choosing non-leading terms in the lattice spacing a, derived a specific form
that satisfies the U(1) Ward-Takahashi identity giving exact electric Maxwell equations for
lattice averages to all orders in lattice spacing a. Earlier, Zach, Faber, Kainz and Skala
(ZFKS)[39] derived a similar relation for the U(1) theory. With the DHH definition, the
charge density induced in the neighborhood of the sources and the resulting electric flux
in the string are free of systematic errors that are due to lattice definitions. We further
find here that there are also significant electric currents that are important in the analysis
(see point (iii) below). This is the first application of this formulation which we reported in
proceedings in 2003[40].

ii) Consistent magnetic Maxwell equations. One can then also get a consistent
exact magnetic Maxwell equation by adopting the same definition of flux in defining the
magnetic current[40]. This is not the conventional procedure. The standard DeGrand-
Toussaint (DT)[41] construction identifies cubes with quantized monopoles. By using the
DHH flux instead, the current is conserved but is not quantized in cubes. Rather it is
smeared out among neighboring cubes. In other problems the DT monopole construction is
preferred. For example in describing percolation of clusters[14-17].

iii) GLH interpretation of simulation data. There are pitfalls in using the GLH
model for a detailed fit to the simulation data. Most notably, a single parameter serves
two roles. We use the notation A, for the proportionality between the electric field and the
curl of the magnetic current in the dual London relation which holds for sufficiently large
transverse distance in the tail of the vortex for a type II dual superconductor. Secondly we
use the notation Ay = 1/mqya1 photon for the penetration depth of the electric field into a
dual superconductor. Because of the presence of electric currents we show here that these
two quantities take significantly different values in the SU(2) theory though they take the
same value in the GLH model. A fit of the simulation to the GLH model can at best be a
compromise between these two quantities.

In Section IT we present our method of determining model-independent estimates of Ay,
Ad, and &g (= dual coherence length) = 1/mgya1 Higgs- APPendix A reviews the GLH model
to clarify our point of departure. (The results of Appendix A must be dual transformed

when applying to the body of this paper.)



In Section IIT we review three definitions of flux. Appendices B and C give a review of
the derivation of the two less familiar definitions. We make the argument for choosing the
DHH form and discuss its normalization. We then argue that the DHH definition should be
used to define magnetic currents rather than the standard DT construction.

The numerical results are given in Section IV. We show vortex profiles only for the case
of Wilson loops of size R = 7 and T' = 3 to show relevant behavior and then we give fitted
parameter values for a wide range of R’s and T”s. Although the estimates have modest errors
for small R and T, attempts to extract large R and T values remain problematic. Our best
measurements are for the parameter \; which allows a stable extrapolation. The parameter
A, is poorly defined and shows excessive fluctuations. Nevertheless we make the case that
the extrapolated value of \; lies outside all the error bars Ay for all measured values of R
and T which supports our contention that the dual GLH model can not be applied directly
in the interpreting of the simulation data.

Is this a type I or type II dual superconductor? As with all previous studies, we present
evidence that \; &~ &£; but we are not able to give a definitive result.

What is the effect of using the DT or ZFKS rather than the DHH definition of flux and
magnetic current? We found a 10 ~ 30% factor difference in their normalizations but no
significant difference in the profiles of flux and current distributions. Depending on the choice
this can lead to as much as 40% error in the determination of the dual superconductivity
parameters.

As a digression from the main body of this paper, we show the effect of using DT definition
of magnetic current compared to a truncated DT definition in which only the single dominant
percolating cluster is included. The truncation of 60% of the monopoles making up the
configuration has a few percent effect on the measurement of magnetic current in the presence
of a fattened Wilson loop source.

Section V gives our summary and conclusions.

II. MODEL INDEPENDENT ANALYSIS OF THE DUAL VORTEX

The dual GLH model provides the inspiration for the analysis of the confining string in
the SU(2) theory in the Maximal Abelian gauge. However there are shortcomings in using

this as a detailed model of the simulation data. There are electric currents in SU(2) that



have no counterpart in this model which, as we show, play a significant role in the analysis.
Consequently, unlike the dual GLH model, the London penetration depth as determined by
the London relation, A4 does not determine the exponential fall-off of the electric field profile
of the vortex determined by A4. A fit of the simulation data to the dual GLH model requires
a numerical solution of the coupled dual GLH non-linear Euler-Lagrange equations. The
solution makes no distinction between these two occurences of the London penetration depth
and hence a fit is compromised. The problems may or may not go away in the continuum
limit but it definitely occurs in the simulation window of accessible values of (.
Nevertheless the dual Higgs model points the way to verify SGSB and estimate the

London penetration depth and the coherence length without a detailed numerical solution.

A. Zero coherence length

The simplest circumstance is an extreme type II dual superconductor which can be mod-

eled by assuming a constrained dual Higgs field

Dy(m) = vgpa(m)eXd ™). pi(m) = const. = 1. (1)

This leads immediately to a dual London relation satisfied everywhere (except on axis) in a

vortex solution aligned in the z direction and independent of z and ¢.
E = Ppd(ry), (2)
where the “fluxoid” is defined
£ = E,— A2 (curlJ(m))Z . (3)

Both the profiles E, and (curlJ (m))z have decaying exponential behavior with a London
penetration length A\q = 1/mgya1 photon- Cancelation of the profiles fixes the value of Ag.

Integrating both sides of Eq.(2) on the transverse plane gives

/ &r E, = &g, (4)

verifying that ®p is the total electric flux in the vortex. The vanishing of [ d?r (curlJ (m))z

follows from Stokes theorem and the fact that (curlJ (m))z vanishes exponentially with r .



B. Finite coherence length

The above example describes a discontinuous transition from a dual superconductor ev-

erywhere to the normal phase on axis where pg(m) = 0. However for the SU(2) theory the

transition is smooth and the delta function is replaced by a smooth function f(7,) which

decays over a distance scale 5 = 1/mqyal Higgs-

E, = Opf(ry); /dQ"'J_f(rJ_) =1

()

The tails of the profiles in Eq.(5) can still be used to determine A, as long as there is a

sufficiently large domain in v, in which the asymptotic profiles match. Hence this analysis

requires A\g > &4.

With the cancelation of the leading behavior in Eq.(5), &4 can be estimated from the

behavior of f(r, ). The criterion for type II is

h= % /5
C. Effects due to electric currents
Consider the magnetic Maxwell equations
Jém) = —%eﬁwy éAjFHV.

Take the curl of this

— (m 1 1 _
_EUPO‘BAaJé = {eapaﬁﬁeﬁw”} a AaAjfrFuw

1
= —{AJAIF,, - TANRAN Y
a
+A;A;‘Fpa} .

Using the electric Maxwell equation,
1
A — g
aAa Fpo =J,7,

we find get the following relation

m 1
o I = (BLJ — ALI) — AL ALE,

6

(6)
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Had we used different definitions of flux in the two currents Eqs.(7) and (9), then there
would be violations to Eq.(10).

This relation is also satisfied by lattice averages only if one adopts the DHH definition of
flux everywhere.

Applying this to a tail of a vortex oriented along the z axis and looking at (curlJ (m))z
Ylar st —ay0m) = L (ArAF £ A7AL) By =
a12 291 a2(11+22)34

1 e e 1 - -
- (A - ata?) + 5 (A7A7 +ATA]) Fas (11)

The electric current can survive in the dual GLH model but only as a lattice artifact
and it vanishes in the continuum limit. Further the second derivative terms on the RHS of
Eq.(11) are designed to be as small as possible by the choice of the source. Assume first

that the RHS vanishes. Then the London relation becomes
E, = Aj (cewlJ™) =FE,—\NJVIE.=0; A=\l

This clearly identifies A2 as a penetration depth in the dual superconductor.

However the RHS does not vanish for lattice averages in our simulation. In the standard
simulation window, the terms on the RHS are of the same order as the terms on the LHS.
Hence the value Ay as measured by the London relation in the tail of the profile does not
control the rate of transverse fall-off of the profile. In a dual GLH model it does. For this
reason we choose not to rely on a fit to the dual GLH model but concentrate instead on

verifying the model-independent SGSB, and estimating the three parameters Ay, Ay, and &;.

III. THREE DEFINITIONS OF FLUX

Let us consider three definitions of field strength or flux, all agreeing to lowest order in
the lattice spacing a. If we require that both electric and magnetic Maxwell equations for
lattice averages of flux and current be satisfied, then the specific form of the action implies
a unique definition of flux. Using any of the alternative definitions introduces contributions,
non-leading in a, that violate Maxwell’s equations. Consistency would be restored only
by going to the continuum limit. We see no advantage in introducing such unnecessary

complications and argue for exact consistency.



A. DeGrand-Toussaint[41](DT): Esll,)

The first definition is that used by DeGrand and Toussaint to define monopoles in the
U(1) theory:

E)(n) = 0,(n) = 210, (n), (12)

bp(n) = 0,(n)—0,(n+v)—0,(n)+0,(n+ pn),

where 6, refers to the U(1) link angle in the domain —7 < 6, < +m. The integers n,,
are determined by requiring that —7 < 13;5,1,) < +m. That is ﬁﬁ) is a periodic function of
6,, with period 27w (Quantities with ~ mean those which appear in the lattice simulation
without appending factors of the gauge coupling constant e or g and lattice spacing a.) We
(1)

also refer to ﬁu as the ‘sawtooth’ flux as shown in Fig.1.
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FIG. 1: F lsll,) (sawtooth) and F, lslz,) (sine) as a function of the plaquette angle 6,

B. Zach-Faber-Kainz-Skala[39](ZFKS): 2
A second definition

FP(n) = sinb,,(n), (13)
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has the property of giving the exact electric Maxwell equation for lattice averages for the

case of the U(1) gauge theory with Wilson action

Ba; (F2) = T, (14)
where
(--) _ (sinbw )
w {cos Ow)

The current ﬂf) is that carried by the Wilson loop, normalized to take values —1,0,1. We

review the derivation in Appendix B.

C. DeCecio-Hart-Haymaker[38](DHH): ﬁ,ﬁ?;)

And finally a third definition, applicable specifically to Abelian projected SU(2),

ED(n) = Cun)Cu(n + p)Cln + 1)Cy(n) x

1%

sinf,,(n), (15)
where the link variables are parameterized by 6,(n), ¢,(n) and 7v,(n)

C, eu S etu=0u)
Uu(n) = " g , (16)
—S,eu=0) O e=n

and where

=
2
I

cos o, (n),

S.(n) = sing,(n).
This form has the property of giving the exact electric Maxwell equation for lattice averages
for this case of SU(2) in the maximal Abelian gauge with Wilson action

BAZ <E(”?;)> _ <<7;(f)t0tal> (17)

W,g.f. Wg.f.

e) total

Where J, gets contributions from the Abelian Wilson loop, the charged matter fields,

gauge fixing and ghosts. The expectation value of the current

<j;(le)total>

W.g.f.
includes the contribution from the Wilson loop j,(f) normalized the same as in the ZFKS
case in the previous section.

In Appendix C we sketch the derivation of this result.

9



D. Consistency with the magnetic Maxwell equation

For the second and third cases we have a unique flux ﬁﬁ?), for ¢+ = 2,3, by requiring an
exact lattice electric Maxwell equation. Given this definition of flux the magnetic Maxwell

equation is

1 i Tim .
—§EWWA;FFP(U) = J,S ) i =2,3.
which gives a unique definition of the magnetic current. However the monopole current is

usually taken from the DT definition
g _ L B
© - 26/“/90 v opo

(This current is normalized to give monopoles with a flux of 27n where n is integer.) Hence
if we use the conventional F() to define the monopole current, and F® or F® respectively
for U(1) and SU(2) theories to get an exact expression for flux in the confining string, then
the magnetic Maxwell equation is violated.

The electric Maxwell equation determines the total electric flux in the confining string
and the magnetic Maxwell equation determines the transverse profile through the solenoidal
currents. The only way for the calculation to be consistent with both Maxwell equations is
to relax the usual procedure using the DT monopole definition and instead use F® or G
when defining magnetic currents for the U(1) and SU(2) cases, respectively.

A simple configuration will help illustrate the difference between FO and F®. Consider
a single DT monopole with equal flux out of the six faces of the cube (and a Dirac string
extending out from any face). Then the ratio of the F® flux out of this cube compared to

the F'D fux gives

% ~0.83. (18)

On a large surface the total flux is the same for the two definitions. Since charge is
conserved, the balance is made up by magnetic charge in the neighboring cubes. We interpret
this to mean that with magnetic currents defined with ﬁ@), the discrete monopoles become

smeared but maintain the same total magnetic charge.

10



E. Comparison

)

Figure 1 shows a comparison between the first two definitions. We plot F ﬁ as a function

of 0, giving a “sawtooth” shape. Monopoles occur as a consequence of 6, crossing the
sawtooth edge, giving a mismatch of 27 in the flux out of a cube. The sine function, ﬁﬁ),
has no such discreteness and so the notion of discrete Dirac strings and Dirac monopoles is
absent. However as one approaches the continuum limit, the action will drive the plaquette
angle to zero, mod 27, and then the regions where the sawtooth differs from the sine function
are suppressed. Hence we expect both forms to give the standard Dirac picture in the
continuum limit.

The Eﬁi’) definition is a modification of EE?) involving factors of C),, the cosine of the
matter fields in the Abelian projection of the SU(2) variables. Since C, ~ 1 + O(a?)
the fluctuations of this factor are suppressed in the maximal Abelian gauge as noted by

Poulis[42]. In the simulations described here, our measurements of field strength have errors

at best of the order of 1.0% whereas the error in (C,,) is 0.01%.

F. Physical normalization of the field strengths

The physical dimension of the fields is obtained from the leading order of a small a limit.
The definition of electric charge in the U(1) theory is straightforward and well known. The
Wilson loop carries the charge of the gauge coupling constant.

The Abelian projected SU(2) case is not as clear cut. Measurement of flux at the site of
the Wilson loop includes the bare charge and dynamical contributions screening attributed
to dynamical charged matter fields, gauge fixing and ghosts. Further the matter fields can
not be completely disentangled from the gauge fields. We propose a normalization that

involves the effects of these matter fields.

1. U(1) theory with Wilson Action

As derived in Appendix B, we have the exact electric Maxwell equation

Ba; (B2 = T, (19)

11



With the Wilson action
S = Z (cosb(n)—1), (20)
one arrives in the usual way that

ﬁ:_

1
e?’

Rewriting Eq.(19) to display the physical normalization of the field strength gives
N AN
a \ ea? a3
W

A, e
<F,LE2)>W = Ji.

a v #

The current f}f) is normalized to unity on the Wilson loop, (see Appendix B).
Consider the magnetic Maxwell equation where we advocate the consistent use of 13;5,2,)

giving

In this case

AS <%€uvmﬁ ,53)) 1 ﬂm)

a ea? e a3’
Af (1
_v @) — jm
. <2EWMFM) = Ju .
The magnetic charge is
2T
m = —
e

Recall that jﬁm) is normalized to take the value 27 for a DT monopole. The argument
in subsection D above shows that the same normalization holds for a smeared monopole
constructed from ZFKS flux.

In summary

E3) = —6a2F,§?, (21)
[ J— 6 [
s = ST, (22)
27 1 ~
(m) — 27 [ _ =~ 7Fm)
J = . <2m3‘]“ ) (23)
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2. SU(2) theory with Wilson Action in the maximal Abelian gauge

Eq.(C5) in Appendix C gives the analogous starting point for this case.

BA- < ﬁ(3>> _ F@Abelian Wilson loop
v H W,g.f. H

- <f((e>

" >W,g.f.7 (24)

where K ff) is the sum of the three dynamical terms in the current. We see from Eq.(C4)
that as in the U(1) case Jf)Abehan Wilson 100p 4156 normalized to unity on the Wilson
loop.

Consider the action
1 1 ~
By ST(U) = > ST (Dyw) + BS,
P P

where D, is the plaquette formed from the diagonal part of the each of the four links U,
and S is the remainder involving couplings of the matter fields among themselves and to

the U(1) gauge field. Further, write

53 3D = B Culm)Cofm + 1)

Cu(m + v)C, (m) {cos b, (m) — 1} + 35,

where S compensates for the subtraction in the curly bracket which involves only charge
neutral combinations of the matter fields. For the maximal Abelian gauge we will make
use of the fact that the fluctuations of C), are suppressed. If we take C), to be constant
and compare with the U(1) action, Eq.(20) we can introduce the U(1) charge through the

relation.

= = B(C)". (25)

Then we can write

D

A < £®) > jie)Abelian Wilson loop
v v _ w

ca2 (O V4 -

ea? (C,,) Wt

13



The novel aspect of this definition of flux is the existence of the C, factors. These are
required to get an exact W'T identity. The suppression of the flux by these factors is partially
compensated by the presence of <Cu>4 in the normalization. In the simulation for g = 2.5115

we found (C,) = 0.94784(4) which gives
e = 0.7024(1). (26)

This is the charge carried by the bare Abelian Wilson loop. Equation (26) is only an estimate
of the value of e because (C},) is not strictly a constant.

It is beyond the scope of this paper to make general statements about the magnetic current
for this case. For F\ﬁ) and F\,E,%), the magnetic current is defined through the violation of the
Bianchi identity and unlike the electric current does not involve expectation values. For the
purpose of this calculation and the observation that C), appears to be essentially constant
over the profile of the vortex and has small fluctuations, we get a physical normalization
for the magnetic current analogous to the U(1) case. However this need not be the correct
approach for a discussion of the charge of static monopole for example since it must involve
assumptions about the behavior of the matter field ¢,,. Our approach here is to introduce an
expectation value of C, and hence this is not as general as the other cases. This normalization
does not impact our determination of the dual superconductivity parameters since the same
factors appear in the two terms of the London relation.

Consider the magnetic Maxwell equation where we advocate the consistent use of ﬁ,ﬁi)
giving

1 _ N
_§6NVPUAI—/"_FP(§') — Jl(im)’

In this case
AY <%€uvmﬁ P(g)) 1 j/(lm)

a ea? <Ou>4 €a? <Ou>47
A /1 m
_7 <§€MVPUF,0(§)) - J;S )
In summary
1 ~
FB = E®. 27
uv 6@2 <OM>4 puv ( )
e € A@
J;(L) — EJ‘(L)’ (28)
1
Jm = Jom) 29
K ea? <Cu>4 s (29)



IV. SIMULATION

Our measurements were on 208 gauge-fixed configurations on a 32% lattice, with 3 =
2.5115. Each update consisted of a 10 hit metropolis sweep and an overrelaxation sweep.
We made 13 runs on 16 independent nodes. Dropping 2000 thermalization updates (on each
node), we made measurements on every 100th update.

We gauge-fixed to the Maximal Abelian Gauge (MAG) using overrelaxation with the
criterion of the average of the absolute value of the off-diagonal matrix element of the MAG
adjoint operator < 1076,

We measured Wilson loops in which spacial links were fattened through 100 iterative
steps by adding spacial staples of weight equal to the original link. We found no measurable
sensitivity to the weighting factor or to increasing the number of iterations and hence the
fattening is saturated.

All vortex profile graphs presented here are transverse slices through the mid-plane, the
(x,y) plane, on the quark-antiquark axis, the z axis. We chose fattened Wilson loop of size
R/a =7 and T /a = 3 in all profile graphs to show relevant behavior. Fitted parameter values
are given for 6 quark-antiquark separations R/a = 3,5,...,13 and for 7 time separation of
T/a=3,4,...,9. All axes in the graphs are dimensionless.

We used aQF,Ei) throughout for the definition of fluxr in order to give the correct electric
Mazwell equations. Similarly we used the same definition in constructing the magnetic cur-
rent a3Jﬁm) in order to get the correct magnetic Mazwell equation. (Exceptions of course
include graphs comparing different definitions and truncated vs. complete monopole loops.)

Noise in these data is a problem. We reduced this by taking an azimuthal angular average
over an annular region of width = 1 in lattice units in the transverse, (z,y) plane, weighting
the data by the fractional area overlap of the data point plaquette to the annulus of radius

r

1

2mr r<r/<(r+1)

() = (- )dd'. (30)

15



Using this together with Stokes theorem we have a convenient numerical evaluation of
f Jdr = 2 (Jy(r)),
I=r

= / curlJ - da’,
r'<r

= —/ curlJ - da’, (31)
r<r!

where we used the identity [ curld - da’ = 0.

Since the current is a first derivative of the flux and the curl of the current is a second
derivative, errors become more difficult for the latter. However by integrating an equation
over a transverse area involving the curl we are back to first derivatives which are more
manageable.

Except where a fit to the data is noted, the lines in the graphs connect the data points.
All axes on all graphs are dimensionless. For physical normalizations, one can take the

standard value a = 0.086fm = 0.44GeV 1.
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FIG. 2: Profiles for three definitions of the electric flux a2F?E through the transverse plane

A. Comparing flux definitions

Recall the three definitions of flux: F, ,5,1,’2’3): Eq.(12, 13, 15). Figure 2 shows the E, profile

for the three definitions of flux. For a large variety of quark separations R = 3,5,...,13
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FIG. 3: Profiles for the z component of —a3curlJ(™) based on three definitions of the electric flux

1,2,3
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and time extents T' = 3,4,...,9 the three definitions differ only in the scale. There is no

significant difference in shape. The scale factors over this range are approximately constant.

(Fdw = 13(ED)y,
(F),, =~ LI(FD) . (32)

We note that if the small fluctuations were in fact absent in C),, Eq.(15), then Fﬁ) = Fﬁ)
since the C), factors cancel out in the normalization, Eq.(27).

Figure 3 shows the z component of curl J™ constructed from the three definitions of
flux. The same observations hold here as for the flux. Note that the connecting lines cross
close to zero, further indicating just a scale factor. They scale with the same factors as the
flux to about 1%.

Figures 2 and 3 show qualitatively the signal for a dual Abrikosov vortex no matter which
definition is chosen. For large transverse distance, in this case r/a > 5, the London relation

holds, i.e. the tails can be arranged to cancel,
fluxoid : £, = E, — A2 (curlJ(m))Z ~ 0. (33)

The integral of the (curlJ™)), over the plane vanishes hence the integrand must change sign.

For an extreme type II dual superconductor, the profiles match and cancel everywhere except

17



for a delta function contribution at » = 0. In our case the scale defining the breakdown of

the London relation is defined to be the coherence length.

’

-

o
N

integrated electric flux profile

FIG. 4: Exponential fit to the electric flux profile

*W

integrated electric fluxoid profile

0.01

FIG. 5: Exponential fit to the electric fluxoid profile
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B. Three parameters of the vortex

Figure 4 shows the integrated flux profile with a fit to an exponential
/ a’E. da = Ae "M
r'>r

As explained above the choice of integrating reduces noise in the signal.

For a very long vortex, it becomes a two dimensional problem and one would expect a
profile for large r to be Ko(mr) ~ e™™" /y/r. For the integrated flux profile ~ [ \/re " dr.
With or without integration, neither gives a pure exponential behavior. But further the
range of possible quark separations R/a does not put us in the domain of a pure two-
dimensional problem. Without trying to correct for these effects by doing fits with more
parameters, we accept the simple exponential form as an estimate of the parameters based
on the a posteriori quality of the fits. We did a x? fit at 23 points for r/a = 1,1.5,2,...12.
Except for a few cases at small R/a and small T'/a, x*/d.f. < 1.0 in the fits for all cases.

Next we fit in a similar fashion

A2
/ {aQEZ — —; (a4cur1J(m))Z} da' = Be "/
r'>r a

determining Ag4, B, and &;. Figure 5 shows the sub-leading behavior after canceling the
leading large 7 behavior between E, and (curlJ™),, i.e. the fluxoid profile. Also shown is
the fit.

Figures 6 and 7 shows the fitted values of Agz/a, Ag/a and &;/a. We used Minuit and
quote Minuit errors in the parameters determined by Ax? = 1. Each group corresponds
to the seven values of T'/a = 3,4,...,9. Despite many efforts to reduce fluctuations, the
errors grow rapidly with increasing R/a and T'/a. Nevertheless Fig. 8, shows at attempt
to extract the large R and T limits of some of this data with moderate success which we
explain below. But let us first observe that A, is poorly defined and the scatter of values in
Fig. 6 defies such analysis. At best we speculate that Ay/a takes a value &~ 1 with a large
error.

First some qualitative observations: In Fig. 7 A\; and &, are well separated for T'/a = 3
for all values of R/a. Recall the criterion for type II dual superconductivity is given by
Eq. (6). Therefore for these values of R and T', the system is behaving like type II. As one
decreases the contamination of excited states, i.e. T'/a increasing, the difference between

these two quantities decreases.
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FIG. 6: Fitted values of Ay/a. Each group corresponds to T'/a = 3,4,...,9.

(solid)

lambda_d/a

xi_d/a

R/a=3 5 7 9 11 13

FIG. 7: Fitted values of A\g/a (solid) and £;/a (open). Each group corresponds to T'/a = 3,4,...,9.

The two quantities approach each other as T'/a increases, i.e. for less contamination with
excited states. Hence a system that is firmly type II is approaching type I in this limit.

A word of caution: if the condition £; > A4 holds for the true solution, then the present
analysis is not valid since we assume that a London relation exists sufficiently far out on
the tail of the vortex. If further the true solution is type I then the approach in this

paper is irrelevant since the dual GLH equations become unstable. Boundaries between
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superconducting and normal domains become energetically favored and serpentine surfaces

develop.

5 T I T I

- @ —@ @ total electric flux —

9—9—@ lambda_da
OB Hxida

4 X

FIG. 8: A R = oo T = o0 extrapolation of A\j &4, (Fig.7) and the integrated transverse flux (Fig.

9) based on data for spacial separations 3,5, ... R/a. The right-most points use all 42 data sets.

To get the large R and T limit, consider first the best case, i.e. Ayin Fig.7. For R/a = 3,5

before fluctuations obscure the data, an exponential fit appears to be reasonable
>\d = A + BQ_CT/a

where A is the desired asymptote. In order to further extrapolate A4 to large R we do a
global fit modifying this by allowing an extra dependence linear in R/a in the parameters

B and C to give
Ai = A+ (B+ B'Rja)e” (CtCR/OT/e

In Fig. 8 we include all points from R/a = 3 progressively up to R/a = 3,5,...13 giving a

large T', large R extrapolated value

Ag = 1.83(4).
A similar analysis for &, gives

&4 = 2.68(16).
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This last value should be approached with skepticism. The analysis requires Ay > &; but
this inequality is reversed for the extrapolated values. The x? fits are heavily weighted to
low values of R/a and T'/a where the errors are small. Fig. 7 was included in this paper in
order to provide an “eyeball” test to see if these numbers are reasonable. Since &, involves
the second derivative of the flux, it is inherently less reliable than ;. The safer conclusion is
that these parameters tend to approach each other in the large R, large T limit. We regard
it as fortuitous that we find a s values, Eq.(6), close to the critical value, 1/v/2 = 0.707,

determining the boundary between a type I. vs type Il dual superconductor,

C. Total flux

In Fig. 9 we plot the integrated flux and fluxoid in the interior of the circle r’ <r

/ E, dd'; / &, da.
r'<r r'<r

Both forms asymptote to the value of the total flux in the vortex but the fluxoid reaches the
asymptote at a smaller value of r/a, as expected. Figure 10 shows the results as a function

of R/a and T'/a. We performed the same analysis as for Figs. 7 to obtain the large R/a

1.6 T T T T

liadl

0.8 — —
®—0—©® fuxid
A—A A flux

—— fitto asymptote

04 —

integrated electric flux and fluxoid profiles

FIG. 9: integrated flux, integrated fluxoid
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T'/a limit. The results are included in Fig. 8.
o, n\@ da = 1.72(3)

Table I summarizes the relationship between the gauge coupling constant and the quan-
tized vortex flux for the four cases considered here. For the U(1) and SU(2) cases, the Wilson
loop carries the charge ey and egy (o) respectively. For the U(1) case, the quantized unit
of flux is also ey(1) and so the elementary charge produces exactly one unit of quantized flux
in the vortex. In the SU(2) case however there is a dynamical charge distribution generated
by the source exhibited by the large value of €dynamical = Psu(2) — esu(z) = 1.02(3). (Since
Gauss’ law is satisfied exactly in this formalism, ®gy(2) measures exactly the total charge
on each side of the transverse plane.)

If we are correct that the proper interpretation of the simulation data implies that there
is a dual gauge theory operating, fixing the quantization of flux to one unit, then from lines
2 and 4 in Table I we conclude that the fundamental unit of flux in that dual theory is

¢ = 1.72(3), implying that the gauge coupling constant in that dual theory is e,, = 27 /®.

2.5

21— —

;W%m

05—

total electric flux in transverse plane

FIG. 10: Total electric flux in mid transverse plane. Each group corresponds to T'/a = 3,4,...,9.

D. Electric currents

Figure 11 shows an example of the effect of electric currents in this problem. The four

graphs correspond to the four terms in the identity (a rewriting of Eq.(11) in dimensionless
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gauge action summand

gauge coupling

quantized vortex flux unit

GLH model B cos 0, e=p"1/2 o, =e, =27/e

dual GLH model B(a) cos &m\v e = \Q@w\w b, =e=27/ey

U(1) theory Bu 1y cos O eva) = \QMMH\M Dy = evq)

SU(2) MAG theory = Bgy(2) AQtvg cos 0, + - esu(2 Qmm\ﬁw (C v|w D512y = esy(2) + (anti)screening

(C,) = 0.94784(4)

Bsu(z) = 2.5115

esu) = 0.7024(1)

Do) = 1.72(3)

TABLE I: Relationship between gauge coupling and quantized flux in the vortex.

0.008 T

T T T T
A—A—A (xy) laplacian
W—V—V () laplacian .
»—P»—P curl magnetic current
4—<4— curl electric current

-0.004

-0.008 &

FIG. 11: The four contributions to the identity,

identically.

form):

Eq.(34).

0=d° ADEMSV Ay hév —a® (ATA} + A A Fy

—a? ADM J va

. DT%V

The sum of the four graphs vanishes

(34)

The curl of the magnetic current is in the (z,y) plane and the curl of the electric current

is in the (z,t) plane. This electric contribution is in addition to the non-vanishing electric

charge density in the neighborhood of the sources as noted by Bali et. al.[25].

In a continuum dual GLH model, the third term, the electric current term, vanishes.
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In the lattice version, this current can appear but only as a lattice artifact. (See the GLH
model, Appendix A and take the dual.) Further if we consider an infinitely long static vortex
in the dual GLH model, then the fourth term also vanishes.

Both the third and fourth terms are significant and remain so over a wide range of R’s
and T’s presented here. The discrepancy between Ay and A4 further support the presence

the third and fourth terms over this range.

E. Truncated monopole loops

T T T T
o I I
=
o 02— 4— 60— @ tuncated 1
o O—6—-0 not truncated
e L 4
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S
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[3) 0.15 — —
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[&]
©
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T, N I I I r

0 4 8 12 16

FIG. 12: The effect of truncation of monopole loops, keeping only the percolating cluster.

Finally we give a result that is disjoint from the body of this paper. We looked at

monopole loops using the standard DT definition, i.e. constructed using F,S,I,)

In this case
there is a distinction between connected and disconnected loops. Earlier studies have shown
that there is a single large connected percolating cluster of monopole currents that dominates
confinement physics[14-17]. There is a sharp distinction between this percolating cluster and
the large number of very small loops.

We confirm this result in our configurations and find that the big cluster contains ~ 40%
of the current. We compared our calculations of the current with the truncated version,

dropping ~ 60% of the contribution to the current coming from the small loops. Our results

are shown in Fig. 12. This gives the integrated curl fr, _,.curlJ - da’ as a function of r. The
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truncation has a very minor effect which means that it has a minor effect in determining

the parameters of the vortex.

V. SUMMARY AND CONCLUSIONS

Within the context of Abelian projected SU(2), a dual Abrikosov vortex is a definitive
signal of confinement. We argue here that this approach removes known systematic errors
to the numerical evidence for such a structure. We point out that the chromoelectric flux
should be defined through a Ward-Takahashi identity. Once this definition is fixed, then
Maxwell’s equations for expectation values of current require a consistent definition of flux
throughout. This leads to a magnetic current definition differing from the standard monopole
DeGrand-Toussaint construction. All definitions give the same continuum limit. The one
promoted here removes errors in determining the total flux in the vortex through the electric
Maxwell equations and the profile of the vortex through the magnetic Maxwell equations.
The mixing of definitions can result in significant errors in determining the vortex parameters
as illustrated in Egs.(32).

The Wilson loop source is an electric line current. We find that it induces a dynamical
electric current in the same plane of the loop. The value of the current is comparable to
other observables. This is absent in the dual GLH model of the vortex. As a consequence the
single London parameter serves as a proportionality between flux and the curl of the current
and as the penetration length of electric field. In our simulation, these take on distinct
values. A fit of the simulation data to a dual GLH model would be compromised since one
parameter would have to account for two different phenomena. Therefore we abandoned
such a fit and estimated the parameters based on their expected exponential behavior.

Normally one describes the physics of dual superconductivity with two parameters. How-
ever we claim there are three Ay, Ay, and &;. The first is very noisy and poorly defined,
crudely Agz/a =~ 1.0 £0.5. The second we obtained a stable value \;/a = 1.83(4). However
this value is dominated by the fit for small R and T" and we presume that it contains a
systematic error. The parameter &, is inherently more difficult to measure than Ay since it
involves the second derivative of the flux. Our method of analysis is applicable to the case
in which Ay > &; as we find for a range of R’s and T’s. However for the extrapolated values,

this inequality is reversed. The proper cautious conclusion is that these two values seem to

26



be driven toward each other in the extrapolation.
Finally we showed that the truncation of a conventional monopole current to the largest
cluster has a very small effect on the expectation value of the current in the presence of a

source.
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APPENDIX A: GINZBURG-LANDAU-HIGGS MODEL

The Higgs model has vortex solutions and we review here results that we use in the
model-independent analysis. (We make a dual transformation in the end for the purpose of

modeling.) Consider the Higgs action for a compact gauge field

CL4

S = —@ {cos (AS0,(n) — A0, (n)) — 1}
+Z \<I> WG ()|
AW 37 (j@(n) - 0?).

The Euler-Lagrange equation for the gauge field is

Z —A Fou( = J9(m)

where
F = sin On,, Oy = ALO, — AT0,,
and
e Ze K]
J(m) = — (®(m)e " Mo (m + «)
—®*(m)e ™Mo (m + a)) (A1)



The Euler-Lagrange equation for the Higgs field is
DD, ®(m) =2\ (&(m)d*(m) — v*) &(m) (A2)
where we the LHS is the covariant lattice Laplacian

DD ®(m) = Z (eT 0P (m + p)
o
eI = WG — ) — 2<I)(m)> .

The electric current is conserved by virtue of Eq.(A2)
L= @
—-A_J, " (m) = 0.
a

The magnetic current is defined by

n 1 1
‘]o(z ) - _§€a6uu EA;F;UM (A?))

which vanishes in the approximation that sinz ~ x. Conservation of the magnetic current

is kinematical, not relying on a dynamical relation.
Largm —
a a T

The London relation follows directly from assuming spontaneous gauge symmetry break-

ing via a constrained Higgs field

@(m) = p(m)e™)

= peX(T) (A4)

where p(m) is constant in m which should hold deep inside a type II superconductor and
is constant everywhere in an “extreme type II” superconductor. Take the curl of Eq.(Al)

with a forward difference operator and use Eq.(A4):
ATO(m) =~ erpald
EXTBa 87a (m) - _56)\7604 3 X
{@(m)e "M (m + o)

—&*(m)e =M P(m + @)},

e & 2 2
S
{AT sin (6 + AT x) — A7 sin (61 + Afx) } (A5)
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Let 0 =1 and p = 2 in Eq.(10)

1

ea’d

A AT sin by + (Ag I A7 J§m>) . (A6)

By refining the mesh, small a, one can expand sinz ~ z and the leading term gives the

familiar result that the magnetic current vanishes.

1
Jm = — 3 Copw AL {AFG, — Af6,} =0.

Eqgs.(A5,A6) become

a a a a \ea?
2,2
2¢Oy
a? ea? )’

We can identify the London penetration depth or equivalently the photon mass

<A1+J2<e> _ A_3J16>) _ A (912)

2
2 -2 @
AN =m = 50202
A vortex solution follows similarly from Eqs.(Al, A4). We assume that the London
penetration depth is larger than the coherence length and consequently Eqs.(A4) holds

sufficiently far in the transverse direction from the vortex.

2

2ev
(e) —
Ju o a3

sin (9u + A:[X).
For a sufficiently fine mesh

. 2ev?
5 = 22 0,4 a0,

Consider a sum over a closed path encircling the axis of the vortex, C', at large transverse
distances where Jff) is exponentially small. Further assume that y = ¢, where ¢ is the

azimuthal angle. Then



giving the quantization of magnetic flux.
We first take the dual of these results for the London relation and the vortex quantization

and use them in our interpretation of large transverse distances in the simulation data.

APPENDIX B: FLUX IN THE U(1) GAUGE THEORY

Consider

Zw(eu(m)) = /[d@] sin Oy exp (69),

S = Z (cosb(n)—1), g =—.

n, p>v
The subscript of Zy (e,(m)) refers to the incorporation of the source into the partition
function and the argument is a variable defined as the shift of one particular link, 6, (m) —

,(m) + €,(m). This translation can be transformed away since the measure is invariant

under such an operation. Therefore

0w = /[d@] sin Oy exp(B5)

0p—0,+€pn

—/[d@] sin Oy exp(3S)

= eu/[d@] ((L(m) cos Oy +sinﬁwég—;) X
exp (65)
=0, (B1)

where 0,(m) = £1,0. It is +1 if the shifted link coincides with a loop link and oriented in
the same direction, —1 if oriented oppositely, and 0 if the link is orthogonal or not located
at a site of the loop. This is the static electric current generated by the Wilson loop with a

normalization of unity.

Next evaluate the derivative of S

oS
96, (m)




Using the definition, Eq.(13), we can see that Eq.(B1) is the form of a Maxwell equation for

averages.

€2A (F2) = Jim), (B4)
where

 (sinfy--)
Cw = Meas)

(The conventional normalization of field strength and electric current is given in Sec. III F
above.) Since the charged line in a Wilson loop is closed the electric current is conserved.

The local statement of conservation is
A BO e
O—AMAV <PW> —AMJM.

It is straightforward to verify that the lattice averages on LHS of Eq.(B4) gives —1,0,+1
depending on its position and orientation with respect to links in the Wilson loop.
For an alternative definition such as ﬁﬁ) the LHS need not vanish off the Wilson loop

nor give £1 on the Wilson loop and hence would introduce an error in the source current.

APPENDIX C: U(1) FLUX IN THE SU(2) THEORY IN THE MAXIMAL
ABELIAN GAUGE

We restrict our attention to the maximal Abelian gauge defined as a local maximum of
Z tr {O’ 3U O' 3 U f ) }

over the set of gauge transformations {g(m) = e™™i} U — UY9. Taking U to be the
stationary value, the stationary condition is given by

OR[U?
daj(n)

—

=0.

Fult] =

a=0
The second derivatives entering in the Jacobian are given by

02 R|UY]

M]n,zm(U) = W

a=0
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The partition function is

Z%-/fv(ei(m)) = /[dU] %TT[iO’gUw(n)] X

exp (59) [ [ 6(F5u[U]) Ar, (C1)
in
where the Faddeev-Popov Jacobian is
App = det|Mjn;im(U)‘.

An infinitesimal shift in this partition function has the added complication that it violates
the gauge condition. This can be corrected by an infinitesimal accompanying gauge trans-
formation. Thus the shift in one link affects all links. However experience has shown that
the effect drops off rapidly with distance from the shifted link.

The derivative of the partition function Eq.(C1) with respect to €} (m) gives

0 = [t {amgrivwm] fexo (35) »
H5(an[U])AFP

oS

o€’ (m)

4 /[dU] {ﬂ%TT[iOgUw(n)]

H5(an[U])AFP

} exp (6S) x

+ /[dU]%TT[iU3UW(n)] exp (B5) x

S {H 6<an[U]>AFp} . (©2)

The third integral contains terms in the Ward Takahashi identity coming from the gauge
fixing including ghost contributions.
We can cast this into the form of the electric Maxwell equations for averages as in the

case of the U(1) theory. However there are now more terms in the current. Starting with

Eq.(16):

C @igu S ei(’Yu_gu)
Uu(n) = " S :
. _Sue_l('Yu_eu) Cue_wu
C, Sy eu 0
—S,e”m O, 0 e
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In the Abelian projection factored form, the righthand factor contains the U(1) photon,
parameterized by 6. The lefthand factor contains the charged coset matter fields, parame-
terized by ¢ and . The transformation properties are well known and reviewed in DiCecio
et.al.[38].

We consider an alternative separation into diagonal and off-diagonal parts which is needed

in defining the flux.

C,en 0
Uu(n) = uo O o +
p€ "
0 Sﬂei('yl/«_gu)
_Slue—i(’m_eu) 0 ’

= Du(n) + Opu(n).

The off-diagonal part is the charged matter field ®, = Sue_i(w_(’“). and diagonal part
includes the photon, e, but also a neutral remnant of the matter field /1 — [®,[> which
— 1 in the limit a — 0.

To cast Eq.(C2) into the form of a current conservation law, we first consider the terms

to zeroth order in O,. First the Wilson loop. Isolating the diagonal contributions gives

where Dy is the product of the diagonal parts

%TT[Dw(n)] = <H Cu(")> cos O,

%TT[iO’ng(n)] = — <1V_V[ Cu(n)) sin Oy .
We adhere to the standard choice of an Abelian Wilson loop in which we drop any contri-
butions due to off diagonal elements O,, and further take the factors C,(n) = 1 giving
%Tr[Uv‘ébehan(n)] = cos by,
%Tr[iagU%belian (n)] = —sin by

Second, consider the action. Write



where S contains terms involving Ou(n).

A8 = 5) _ 5~ FTr{_wg(mwu(m)x

Jej,(m) v 2
Dy(m+p)Dj(m +v)Dj(m) }
+ %Tr{—iff?,(m)Du(m)x

Di(m + p— V)DL(m —v)D,(m—v)}].

Since all matrices are diagonal we can simplify:

a(S
Deam — 2

vEL
C,(m+ p)Cyu(m +v)C,(m)sinb,, (m)].

The quantity in square brackets is antisymmetric in pr and we identify this as proportional

to the field tensor.

F®) = Cu(m)C,(m + w)Culm + v)Cy(m) x
sin 0, (m). (C3)

Returning to the identity, Eq.(C2), and using the notation

J1av1 Yo (35) TL8EAU AR = (3,

we obtain

0 = 6,(m) (cosbw),; — <sin QWA;ES;)>

oS
_ in Oy ——
5<s1n WaEi(m)>g_f,

+ gauge fixing terms + ghost terms .

g-f-

Rearranging terms as in the U(1) case, we get

<sin 9WA;ES§>>

g-f-
=0
(cos 9W>g,f, u(m)

: as
<sm Ow de3 (MN) >g.f. g.f. & ghosts
(cosbw), ;. (cosbw), ;.

(C4)
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This give the result analogous to Eq. (B4):

(3 _ 7(e) Abelian Wilson loop
ﬁAu <F;,(LV)>W’g.f. - ‘]N +
7 (e) matter ﬁelds>

+

i
W,g.f.

Tu
< j,u(e) ghosts>

(e) gauge ﬁxing>
W,g.f.

(C5)

W,g.f.
The ‘Abelian Wilson loop’ term is analogous to the above U(1) case. The ‘charged matter
field’ term arises from the off-diagonal elements of links in the action expression and would
contribute without gauge fixing. The ‘gauge fixing’ term arises from the corrective gauge
transformation that accompanies the shift of a link. The ‘ghost’ term arises from the shift
and accompanying gauge transformation on the Faddeev-Popov determinant. See DiCecio
et.al.[38] for a complete derivation of all terms.

It is important here to note that we are not interested in distinguishing the various
contributions to the current in the present work. We are only interested in the total current

and that can be obtained from the LHS of Eq.(17).
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